13. Complex numbers

Basics, complex conjugates The quadratic formula Comparing parts
Theory Example Example N Yy
|
P\
@ A complex number z is of the form Solve 22 + 2245 = 0. Solve 22 4 z2* = 8 — 4. : »
, where z,y € R and i = —1. T Re
12 th 1 B Let z =2+ yi
° z’}‘lfe call z the rea 11a;t Re(z) =z and y 22 V240 (z +yi)? + (z +yi) (x — yi) =8 — 4i
T}(: lmaglriary paf" m(z) f— Y. N = 2(0) 2+ 2myi— 2 4 3%+ 9 =8 — 4
° . ecEmp*e)icon_]u.gateo z=x+yiis 24 T6 97% + 2zyi = 8 — 4i |
gven by ' - 2 Comparing real parts: ‘ The Argand diagram ‘
° z+z*:2$:2Re(z)‘ :—2:|:4i:_1i2i 22> =8 = =42
2 Comparing imaginary parts:

2z — 2" = 2yi = 2ilm(z ’ _ _
2( )| oy =—4 = y=7Fl1 Complex number forms
| .

* 2 2 o °
2zt =z +y = |z Hence z=2—1ior z=—2+1.

Formula
Example of complex division:

Modulus/argument 11

— 4 — 4 — 44 e Cartesian form: m

4 3+4 3—4 i :
3+ 44 ?i-ll-_an ) o|r=l|z] = VI + 42 o Susth coppdsmt e Polar/trigo f'OI"I’I’l.
- 25 o Let arg(z) = 0. PR Kl second quadrant ’ z = r(cosf +isin0) ‘
tan 0 = < —(m—a) third quadrant o Euler/exp form: |z = re’
x —a fourth quadrant

The conjugate root theorem

The half-angle “trick”

Modulus/argument 111

Theory 1 + ei29 _ eiee—ie + eieeie
lwz| = |w||z|  arg(wz) = arg(w) + arg(2) _ 0 (. —i0 b
w |w| w =e€ € +e
e Let P(z) be a polynomial with real coefficients. The conjugate root theorem states |?‘ = Tzl arg(’;) = arg(w) — arg(z) . ‘
that if a + bi is a root to P(z) = 0, then its conjugate a — bi is also a root to P(z) = 0. [2"] = |=|™ arg(z") = n arg(z) = e19(2Re(e’9))
l2*1 = arg(=") = —arg(2) g eosp ol
Example
urely real /imaginary numbers
Purely real —
Solve 32 — 722 +172—5 = 0 given that 1+ 2i is a root. By long division or comparing " )
& coefficients, we can obtain the final Condition Cartesian Argument (k € Z)
Since all the coefficients are real, by the conjugate root factor 3z — 1. wesil y=0 arg = kmr
theorem, 1 — 27 is also a root. 353 — 722 4 1Ta— 5 = real and positive y =0, >0 arg = 2km
By the factor theorem, (z — (1 + 2¢)) and (z — (1 — 2i)) _ N (1 95 _ real and negative y=0, 2<0 arg=(2k+ )7
(z—(1+2i)(z—(1-20))(32 — 1). R 2kt D)7
are factors of the cubic polynomial. purely imaginary z=0 arg = ~—5——
(z—1-2i)(z —14+2i) = (z—1)2 — (20))2 = 22 — 22 + 5. Hence z=1+42i,2=1—2i or z = %. /
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