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13 Complex numbers

13.1 Cartesian form arithmetic

A complex number can be expressed in cartesian form z = x 4 yi. x is
the real part of z, denoted Re(z), while y is the imaginary part of z,
denoted Im(z).

Powers of i, addition, subtraction, multiplication
Since i = /=1, | = —1]. Then #* = 2,i = —i and i* = (%)% = 1.
(2—1i)+ (3+4i) =5+ 3i.

(1+42i)— (3=5i) = —2+7Ti.

(2+0)(3+4i) =6+ 8 +3i + 42 =6+ 11i —4 =2+ 114

Complex conjugates, division

Given z = x + yi, its complex conjugate, z*, is | 2" = x — yi.

z+ 2" =2z = 2Re(z) = 2cos b (1)
z— 2" =2yi =2Im(z)i = 2isiné (2)
22" = 2% 4 y* = |2 (3)

2+ 241 3+4 24+11c 241 2 11

3_4i 3-4i 3+4i 3+42 25 55 T 25"

13.2 Solving equations

Example 1. Solve the equation (2 + 3i)z +84+2i =1 —i.

Solution 1.

(2+3i)z=1—i— (8+2i)
(2 + 3i)z = —7 — 3i

_—7—3zx2—3z
2430 " 2—3i
=23+ 150
N 13
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Quadratic equations
Example 2. Solve the equation 22?2 — 22 + 5 = 0.
Solution 2.
—b+ vb? — dac
z =
2a
_2+£-36
B 4
246
4
1 E3i
-
Comparing real and imaginary parts
Remark: Comparison only works if all our variables are real.
Example 3. Solve the equation —18iz 4 z2* = —56 — 90i.
Solution 3. Let z =2+ yi, x,y € R.
—18i(z + yi) + (x + yi)(z — yi) = —56 — 90¢
—18xi 4+ 18y + 2* + y* = —56 — 90i
(y? + 18y + 22) — 18xi = —56 — 90i
Comparing imaginary parts, —18z = —90 so x = 5.
Substituting x = 5 and comparing real parts,
y? + 18y + 25 = —56
y? + 18y +81 =0
(y+9)*=0
y=-9
Hence 2=5—9%. m
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13.3 The conjugate root theorem

Theorem (Fundamental Theorem of Algebra). The polynomial equation
az" + b2"' + ... = 0,a # 0 has exactly n complex roots (including
multiplicity).

Theorem (Factor Theorem). If z = « is a root of a polynomial f(z) (i.e.

f(a) =0), then (z — «) is a factor of f(z).

Theorem (Conjugate Root Theorem). Let P(z) be a polynomial with
real coefficients. If z = a+ bi is a root of P(z) =0, then its complex
conjugate z* = a — bi is also a root.

Expansion of factors from conjugate roots

(z—a+bi)(z—a—bi)=(z—a)?— (bi)?
=2 —2a+a®+ b

(z—71e) (2 —re™®) =22 —re"s —re 2 + reifre

= 2% —rz(re? + re” ) £ o2

=22 — (2rcosf)z +r?

Solving polynomial equations cubic and above

Example 4. Consider the equation 223 — 22 + 14z + 30 = 0.
(a) Verify that 1+ 3 is a root of the equation.

(b) Hence solve the equation.

Solution 4.
(a) We first evaluate (1 + 3i)? and (1 + 34)3.

(1+3i)* =1+ 6i + 9
= —8 +6i

(1+3d)* = (1 + 3d)(—8 + 6i)
= —8 4 18i* — 24i + 6i
= —26 — 18i
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Substituting z = 1 + 3¢ into the equation

LHS = 2(—26 — 18i) — (=8 + 6i) + 14(1 + 3i) + 30
— (=52 — 36i) + (8 — 6i) + (14 + 42i) + 30
=0
— RHS

Hence 1 + 3i is a root of the equation. m

(b) Since the equation has only real coefficients, by the conjugate root
theorem, 1 — 3: is also a root.

By the factor theorem, both z — (1+3i) = (z — 1 — 3¢) and (z — 1 + 3i) are
factors of 223 — 22 + 14z + 30.

Expanding the two factors:

(z—1-3i)(z —14+3i) =2 - 22+ 10

We can then obtain the remaining factor either by long division or
comparing coefficients.

2z +3 Let 223 — 22 4 142 + 30
2—2:410) 223 — 22+ 142 430 = (2" =224 10)(az +b)
— 223 4422 — 20z Comparing coefficients:
322 — 62430 2 a=2
—322 +62-30 2% 106 =30
0 b=3

Hence the final factor is (22 + 3).
(z—1-3i)(z—1+3i)(22 +3) =0.

z2=1+31, z=1—-3t0r z = —

Do
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13.4 Argand diagram and polar form

The polar (modulus-argument) form

e Trigonometric form

Three forms of a complex number

e (Cartesian form

z =r(cosf +isinb).

e Exponential form |z = re®.

Converting cartesian form to polar form
|z| =7 = /22 —|—y2.‘

Meanwhile, arg(z) = ¢ is related to x and y by tan6 = £.

To calculate |z| = r from z and v,

ifx>0,y>0
if v <0,y >0
a = tan' |2 , arg(z) =60 = 1 ! Y
x ifr<0,y<0
ifxr>0y<0
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Example 5. (A) Convert z = —1 + ¢ into polar form.

Solution 5. r = /(—1)2 + (1)2 = V2.

a=tan"'| -1 =1.

Since we are in the second quadrant, § =71 — a = %.

Hence 2z = /2 (cos %TW + 7 sin ?jf) = \/ieigf. ]

Converting polar form to cartesian form

‘x =rcosb, yzrsin@.‘

Example 5. (B) Convert z = 2¢/F into polar form.

Solution 5.

2% =2 <cos (%T) +isin (%T))
(34

= 14+V3. =

13.5 Polar form arithmetic

wz = (rlewl) : (T1€i02) = (ryry) 01102

w_ne- - _ ﬂei(%*@z)
z  roeifz oy
Con .
S = (7’629) _ 7,,nezn@

jwz| = |w]|z]
wi _ |l
2zl 7]
2" = |2]"
2] = |z]
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arg (102) — < > (2) + 2k,
(E) = (2) + 2k,
z
arg (") = narg( ) + 2k,
arg (") = — arg (2)
where k € Z.
_m\T _5m;\ ¥
(e 121) e 6"
Example 6. Evaluate | —F—— | .
es

Solution 6.

_e<7I—27r>z

13.6 Real and purely imaginary numbers

Condition Cartesian form, = + yi | Polar form, re”

Real y=0 0 = km, kelZ
Real and positive | y =0,2 >0 0 = 2km, kelZ
Real and negative | y = 0,2 <0 O=7m+kr, keZ
Purely imaginary | z =0 O0=7%5+km, kel
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Example 7. Find the three smallest positive integers n such that
(e=%2%)" is purely imaginary.

Solution 7.

o (1Y) =) = .

For it to be purely imaginary,
nmto

P T
22t
—nm = 67 + 12k~
n=—6—12k
The smallest positive integers n correspond to when k = —1, —2, —3.

Hence the three smallest positive integers n = 6,18,24. =

13.7 Miscellaneous examples, techniques

Example 8. The complex number z is given by z = 3 + bi, where b is

a real number.
2

(a) Find the possible values of b if Z—* is real.
z

For the rest of the question, it is further given that b > 0.
(b) Find the smallest integer value of n such that |2"| > 1000.

(c) For the value of n found in (b), find the values of |2"| and arg(z")
such that —7 < arg(z") < 7.

(d) On a single Argand diagram mark out the points A, B, D, D and E
_ 22 18 22 _
representing the complex numbers z, —, 2", — and 5 respectively.
z z

Solution 8.
(a) We first evaluate 2—2 in terms of b.

2 (3+ bi)®
2 3—bi
9V +6bi 3+
3—bi  3+bi
3(9 — b%) — 6b2 + ((9 — b%)b + 18b) i

9 + b2
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Since j—i is real, its imaginary part is 0.
(9—b*)b+18b=0
b(9—b"+18) =0
b(27 — b*) =0
Hence b=0or b = +v/27 = +3v3. =
(b) Since b > 0,b = 3+/3.
|2"| > 1000
3+ 3v3i] > 1000
( 32 4+ (3\/5)2) > 1000
6" > 1000
nln6 > In 1000
n > 3.8553
Hence the smallest integer value of n =4. m
(c) For 2 =343V3iand n =4,
2" =[]
=6
=1296. m
3V3
arg(z) = tan™! (—\/_)
3
oo
-3
arg(z") = narg(z)
=4 (E> — 27
3
2m
=——. =
3
. 22 36elT .
(d) z =6e's, - (i; =6e", z"=6e"'3,
Z* 6e '3 .
18 18 22 36’3 on
E— ,7‘,_3_7'7’ _—= :61
> et f 6 6 <’
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Im(z)/\
Fe oA
\‘\6 6//j
B ﬂ'/g }\ ,%/TT/S N
\J Vd
6 /3 Re(2)
\.\D
\\.C

The half-angle “trick”

. 0 .0 60 .0
619+ 1 2612612 —|—612€ i35
i 0 i 0 _;8
622 (eZQ —|-e 7‘2)
:eig <2COSQ>

2
0
= (2008 g) e'?

= (2sin8) e'(5+5)
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